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A VARIABLe ATMOSPICERIC-DEXSITY MODEL 
FROM SA''''ELLCl3 ACCELERATIONS 
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(Manuscript received March 30, 1960) 

Summary. - Satellite accelerations are analyzed, 
by an empirical formula that relates the product f E2 
( p  = atmospheric density, H = scale height) to the 
geometric height z, the 20-cm solar flux F20, and the 
angular dj.stl,ance y' f ' , r ~ ~  %he cezter cf the  dpamI 
bulge. Once the numerical parameters of this formula 
have been established, tables o f p  and H are computed 
and a separate formula is derived to represent 
f'unction of the same variables. r in 

1. The 20-cm Solar Flu 

A survey of the density fluctuations in the upper atmos- 
phere induced by variable solar radiation and revealed in the 
variable accelerations of artificial satellites was published in 
Special Report No. 29 (Jacchia, 1959). Two important papers, based 
partly on the observational material contained in this report, have 
been prepared for publication since then (Priester and Martin, 1960; 
Nicolet, 1960). 
subjected the satellite accelerations to a quantitative analysis, 
using the 20-cm solar flux as one of the parameters, and have 
deduced atmospheric density profiles for the central regions of the 
dark and the bright hemispheres for different values of the solar 
flux. lh the second paper Nicolet proposes an isothermal model for 
the upper atmosphere, in which the varying gradient of the scale 
height above 250 km is explained by the decrease of the molecular 
weight of the atmospheric components which undergo a diffusion 
process; the diurnal effect is attributed to heat conduction. 

In the first of these, Priester and Martin have 
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The 20-cm solar flux used by*Priester and Martin is measured 
daily at the Heinrich-Hertz-Institut fur Schwingungsforschung in 
Berlin-Adlershof, and shows large mean-level oscillations that are 
not present, at least to such a large degree, in the lO.7-cm flux 
used by this writer in his previous analysis. Nicolet has pointed 
out that this behavior of the 20-cm flux is peculiar, inasmuch as 
it has no counterpart in the 3.2-cm, &cm, 10-cm, l5-cm, 21-cm, and 
30-cm fluxes measured at Berlin, Nagoya, Ottawa and Sydney. For 
this reason he believes that the fluctuations must be spurious, of 
instrumental origin, and he rejects the correlation found by Priester 
and Martin. 
peculiar behavior of the 20-cm flux; we have to face the fact, however, 
that the mean-level fluctuations of the 20-cm flux - are generally 
reflected in the satellite accelerations. If so far this writer has 
refrained from publishing a more definitive analysis of the correlation 
between solar radiation and upper-atmosphere densities, he hesitated 
chiefly because of the presence of oscillations in the satellite 
accelerations that could not be explained on the basis of the lO.7-cm 
flux - the "erratic fluctuations of unexplained origin," as they are 
labelled under d) in the list of solar effects on page 4 of Special 
Report No. 29 (Jacchia, 1959). A look at Figure 1 w i l l  show at once 
that these fluctuations are entirely accounted for when the 20-cm 
flux is used. 

It must be admitted that it is not easy to explain the 

However, we do not want categorically to exclude the 

We are quite satisfied, however, that the 20-cm flux seems, 
possibility that some drift effect might be present in the 20-cm 
data. 
on the whole, to be more closely related than the lO.7-cm flux to 
the ultra-short wave radiation responsible for the atmospheric 
fluctuations. 

2. Satellite Accelerations 

To derive ac tua l  atmospheric densities, accelerations of the 
following s a t e l l i t e s  were used: 

Satclli te Aceel eration Derived By -- 
Jacchia (1959); Briggs (1959) 
Jacchia and Nigam (unpublished) 
Jacchia (1959) 
Y. Kozai (unpublished) 

I n  addition, the accelerations of 1957 1 (Jacchia, 1958) 
and 1958 
no absolute densities were computed in view of the uncertainty in 
the physical characteristics of these satellites. 

61 (Jacchia, 1959) were analyzed for the oscillations only; 
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Tl13 accelerations of 1959 a1 were derived by numerical differ-  
ent ia t ion of the mean motion of the s a t e l l i t e ,  which was computed at 
2-day intervals by R. ITig'ani as part of a r c p l a r  o rb i t a l  p rog ra .  
Since observations extendinc over a whole w e k  %?ere used for  each 
orb i t  and the secular acceleration was assumed t o  be constant in this 
interval, these accelerations are necessarily somewhat smoothed out 
and sonietims outright uncertain--just as those of 1958 a given i n  
Special Report ITo. 29. 
1958 62, which were computed i n  similar manner by Y. Kozai. 

The same can be said of the accelerations of 

In  this connection it should be pointed out t ha t  the only really 
homogeneous, accurately determined ser ies  of s a t e l l i t e  accelerations 
i n  existence today is  that of 1958 82. These accelerations were de- 
termined by feeding the o r b i t d  elements a5 known functions of, t ime 
in to  an orbital-analysis program and by plot t ing the residuals of each 
observation. This met-bi was used also for 1957 B1 and 1958 61, but 
the long periods of inv is ib i l i ty ,  the inhomogeneity of the observa- 
t i o n a l  material, and the sporadic distribution and frequent unrelia- 
b i l i t y  of the o rb i t a l  elements made the derivation of accelerations 
more uncertain f o r  these two objects. 

The frequent requests that have been received t o  supply sat- 
e l l i t e  accelerations on a service basis indicate t h a t  it is not gen- 
er- realized how delicate and elaborate a procedure the computa- 
t ion  of accurate accelerations really is. It is  the f i r m  opinion of 
t h i s  writer t h a t  re l iable  accelerations cannot be obtained as =re 
byproducts of o rb i t a l  computations and that nothing short of an ad- 
hoc analysis by an expert numerical analyst w i l l  yield accurate msults. 

3. Densities and Scale Heights from Accelerations 

Approximate formulae relating s a t e l l i t e  drag t o  o r b i t d  ele- 
ments and atmospheric parameters have been derived by various authors 
(Sterne, 1958; Groves, 1958; King-Hele, Cook, and Walker, 1959), and 
give essent ia l ly  the same results within the limits of observational 
accuracy. 
and W a l k e r ,  namely: 

The fonnula used i n  t h i s  paper was  that of Iung-&le, Cook, 
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The symbols used a re  defined a s  follows: 

r p  = 

% =  
CD = 

dP = 
I 

d t  
m =  

A =  

F =  

e =  

a =  

Free 

atmospheric density a t  s a t e l l i t e  perigee height, 

a,tmospheric scale height around s a t e l l i t e  perigee height, 

drag coeff ic ient ,  

secular acceleration of s a t e l l i t e ,  

mass of s a t e l l i t e ,  

e f fec t ive  cross-section of s a t e l l i t e ,  

f ac to r  t o  account f o r  ro ta t ion  of atmosphere, 

o r b i t a l  eccentr ic i ty ,  

semi-major ax is  of s a t e l l i t e  o rb i t .  

molecular flow was assumed throughout and Cn was always 
taken t o  have the  value 2. 

of the  material  on high-inclination s a t e l l i t e s ,  no attempt was made 
t o  include l a t i t ude  and seasonal e f f e c t s  i n  the  analysis.  

The height z corresponding-top P was 
taken t o  be above the  in te rna t iona l  geoi B . In view of the  paucity 

Rather than t r y  t o  obtain pp f o r  each s a t e l l i t e  with an 
assumed scale height - which would r e s u l t  i n  laborious i t e r a t ions  
a f t e r  a l l  the  material  was psembled - we preferred t o  do a l l  the  
analysis  on the product PFE, which can be derived d i r ec t ly  from 
the  accelerations without assurgptions (except f o r  nearly negligible 
terms). Actual densi2ies were derived only a t  t he  end, from the  
f i n a l  p rof i les  of y FE i n  function of z .  

4. An Em-pirical Formula t o  Describe Atmospheric Variations 

It was f e l t  t h a t  the simplest way t o  deal with the  various 
so l a r  e f fec ts  was t o  f ind  an empirical formula that would describe 
the  observed phenomena within the  l i n i i t s  of observational accuracy. 
These phenomena are:  

(a) .  A l a rge  diurnal e f f ec t  a t  great  heights, decreasing 
t o  almost zero a t  t h e  200-km leve l .  
t he  direct ion of t he  sun, with a noticeable l a g  due t o  the  ro ta t ion  
of the earth. 

The atmosphere bulges Out i n  

(b). 
The amplitude of these f luctuat ions i s  la rge  i n  the  diurnal 

Er ra t ic  f luctuat ions i n  phase with the  20-cm so lar  
flu. 
bulge and small i n  the  dark hemisphere. A t  the  200-!an l eve l  the  
amplitude of the  f luctuat ions i s  small but nearly independent of 
t he  posit ion with respect t o  the  sun. 
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Effect (a) must be a function of the height z, of the 
so lar  f lux F and of the angular distance 
the bulge is highest. 
same lat i tude as the s u b s o l a r  point, but lags i n  longitude by a 
constant X . For a point i n  the atmosphere, whose astronomical 
equatorial  coordinates are a p' 

' fram the point where 
It w a s  assumed tha t  t h i s  point is  a t  the 

we have 

cos / I '  = s i n  6 s i n  €is+ cos 6 cos cos (a -a - A  ) (2) P P P O  
(ao, 6,:, are the equatorial coordinates of the sun). 

is not necessarily the same f o r  a l l  heights. 
From dynamical considerations we must in fer  that the lag1 

An equation tha t  will sa t i s fac tor i ly  describe both condi- 
t ions (a) and (b) can be w r i t t e n  i n  the fonn, 

w h e r e  f0(z), f (z) and f (  VI)  are suitable functions of z and Tr 
respectively, knd c 1  and m are, constants. F 
solar flux. we s~ d e  f ( V 0  vary fram ?to zero where y *  
increaaes fran 00 t o  180~. 

is the 20-cm 

A t  180' from the diurnal bulge ( v  ' = 180') the second 
tern inside the brackets will thfn be zero and we can define fo(z) 
as a standard night prof i le  of HZ i n  function of z f o r  e fixed 
value of Fm. The function f l  e z) is the amplitude of the diurnal 
e f f ec t  and must be maU f o r  z close t o  200 km; f r o m  satellites 
with perigee at  this height we can thus determine the value df 
the exponent, m, which w a s  introduced t o  f i t  the observed ampli- 
tude of the e r r a t i c  fluctuations at low heights. 

For satellite 1957 p 1  a value of m = 0.7 seems t o  be 
satisfactory,  while f o r  1958 61 and 1958 62 we 
gives a suff ic ient ly  good f i t .  For simplicity 
provisionally, m = 1. 

A function which can describe a diurnal 
of sharpness is 

Y' f ( )v* )  = cos 2 .  

f ind that m = 1 
we have assumed, 

bulge of any degree 

(4) 

The exponent n is  best determined f r o m  high sa t e l l i t e s ,  w h e ~  
the diurnal e f fec t  is  large. 
1958 a we f ind tha t  n = 6 gives a very satisfactory f i t .  

From s a t e l l i t e  1958 82, 1959 al, and 
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If w e  express F20 i n  uni t s  of 100 x watts per square 
meter per cycle, and define fo(z)  as the night prof i le  of p H 2  
f o r  FzO = 1, w e  can w r i t e  

T a b l e  1 gives the  values of fo(z)  and f l ( z )  which were d.educed from 
the  various sa t e l l i t e s ,  together with the  best  value of the  lag 
angle . All quantit ies a re  expressed i n  the c.g.s. system, 
except the perigee heights zp, which are i n  kilometers. 

Table 1 

BASIC ATMOSPHERIC DATA FROM SATELLITES 

Observed Computed 

1958 p2 655 -12 70 9.0 25O -12 688 9.05 

1959 a1 562 -12.22 4.9 30° -12.220 5.02 

1958 

1958 62 210 - 9.46 0.2-0.4 -- - 9.463 0.28 

353 -10.83 1.2 30° -10.825 1.17 a 

From the  observed values, the  following expressions were 
found for f o ( z )  and fl(z):  

log fo(z)  = -12.475 - 0.0019 z + 6.01 exp (-0.0027 z )  , ( 6 )  

fl(z) = 0.185 exp (0.006 z - 2) ; (7)  

(2 i s  always expressed i n  km; 200 < z < T O O ) .  

The values of f o ( z )  and fl(z) computed with equations (6)  and 
(7) are t o  be found, f o r  comparison, a t  t he  right-hand side of Table 1. 

The f i n a l  form of equation (4)  becomes, then: 

6 T'J HT = fo(z)  F20 1 + 0.185 exp (0.006 z - 2) cos - *(8) 
2 

1 
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The l ag  angle1 i n  v/ ’  can be assumed t o  be between 2 7  and 300 
f o r  a l l  heights; f o ( z )  i s  t o  be taken from equation (6). 

Table 2 gives night and day profiles o f p  and H f o r  F20 = 1 
and F20 = 3, as  computed by equation (8). The p profi le  for(/’  180’ 
and FZ0 = 1 i s  well represented by the equation, I =  

log p o ( z )  = - 1 6 . 0 ~  - 0.001985 z + 6.363 exp (-0.0026 z) ( 9 )  

f ( z  i s  expressed i n  km; 200 < z (700). 
can be written i n  the same form as equation (8): 

A general equation f o r  

f = f (z) F20 [l + 0.19 exp (0.0055 z - 1.9) cos6 XI. (10) 
2 -  

The numerical coefficients i n  equations (6), (8),  ( g ) ,  and 
(10) must, of course, be considered as  only provisional and susceptible 
t o  considerable improvement when more s a t e l l i t e  acceleration_ m-at-eri.1 
i s  analyzed. 

Table 3 gives height profiles of the diurnal bulge for  
Fm = 2; i.e., the height a t  which a given density i s  reached as a 
function of the angular distance ]f.from the center of the bulge. 
These profiles a re  i l l u s t r a t ed  graphically i n  Figure 3. 
2 show a comparison between observed and computed accelerations f o r  
s a t e l l i t e s  1958 p 2 and 1959 ~ 1 .  

Figures 1 and 

Remarks and Conclusions 

The approach used i n  this paper i s  primarily descriptive, and 
it was f e l t  tha t  theoret ical  inferences on atmospheric parameters other 
than the density should be l e f t  out, since they cannot be derived 
without some degree of speculation. Equation (lo), or  improved versions 
of it, should prove useful for  a quick computation of corrections t o  be 
applied t o  a standard atmospheric density profile a t  a given time and 
place. 

Due t o  the nature of the problem, the relat ive accuracy of the 
densit ies derived from our formulae i s  considerably greater than that 
of the corresponding scale heights - i n  particular, a t  the two extremes 
of the height zone covered by sa te l l i t es .  
around 200 km, where the density profile derived from s a t e l l i t e s  should 
be connected with that obtained from rockets. 
be very d i f f i cu l t  fo r  a mean density profile; when, however, a partic- 
u la r  prof i le  such a s  our p 
know how the amplitude of t& erra t ic  fluctuations related t o  F20 
varies with height i n  the region from 100 t o  200 km. 

A c r i t i c a l  point i s  the one 

This operation may not 
- 

(z) i s  chosen, it becomes necessary t o  
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It should not be forgotten, of course, that the  diurnal  
e f f ec t  - o r  any other atmospheric e f f ec t  dependent on geographical 
posi t ion - i s  bound t o  be somewhat smoothed out o r  even d is tor ted  i n  
i t s  ac t ion  on satel l i te  motions, especial ly  if the o r b i t a l  eccent r ic i ty  
i s  small (fortunately this i s  not t r u e  of t he  higher s a t e l l i t e s  inves- 
t i ga t ed  i n  this paper). 
used t o  derive the  atmospheric densi ty  a t  perigee assume that t h e  
atmosphere i s  spherical ly  symmetric. 

T h i s  s i tua t ion  occurs because t h e  formulae 

Equation (10) consis ts  of two terms, of which the  f i r s t ,  
p o(z) F20, i s  independent of geographical posi t ion and does not 
a f f e c t  t he  scale height of t he  atmosphere. 
absorption of the  effect ive so l a r  radiat ion t h a t  takes  place en t i r e ly  
below the  200-km l e v e l  and a uniform dis t r ibu t ion  of t he  absorbed 
energy throughout both t h e  br ight  and the  dark hemispheres. 
second term of equation (10) vanishes a t  z = 117 km, when exp (0.0055 z ) =  
1.9. The location of t h i s  vanishing point i s  highly uncertain, but 
it is tempting t o  ident i fy  t h i s  height with the  mean height of t he  
absorption zone. The diurnal  e f f ec t  can eas i ly  be explained by the  
mechanism proposed by Nicolet (1960) 

T h i s  would imply an 

The 



References 

ERIGGS, R. E. 

1959. A table of times of perigee passage f o r  Sa te l l i t e  
1958 Beta Two. Special Rep@ No. 30, Smithsonian 
Astrophysical Observatory, November 12, 1959. 

GROVES, G. V. 

1958. Effect of the ear th 's  equatorial bulge on the 
l i f e t i n e  of a r t i f i c i a l  s a t e l l i t e s  and i t s  use i n  
determining atmosphere scale heights. Hature, 
vol. 181, p. 1055. 

JACCHIA, L. G. 

1958. Orbital resu l t s  f o r  Sa te l l i t e  1957 Beta One. Special 
Report No. 13, Smithsonian Astrophysical Observatory, 
May 21, 1958. 

JACCHIA, L. G. 

1959. Solar effects on the acceleration of a r t i f i c i a l  sa te l l i t es .  
Special Report No. 29, Smithsonian Astrophysical Obcerva- 
tory, September 21, 1959. 

1959. Contraction ai' s a t e l l i t e  orbi ts  under the influence 
of a i r  drag, Part 1. Royal Aircraft Establishment 
(Farnborough), Technical Note No. G. W. 533. 

MICOT;FT, M. 

1960. Les variations de l a  densit; e t  du transport de 
chaleur par conduction dans 1 'atmosphkre superieure. 
Centre National de Recherches de l'Espace, Bruxelles. 
Hate Preliminaire No. 5. 

PRIESTEX, W. AND MARTIN, H. A. 

Solare und tageszeitliche Effekte i n  der Hochstmosphke 
und Eeobachtungen an Kilnstlichen Satel l i ten.  
der Universitgts-Stemvarte Bonn, Mr. 29 ( i n  press). 

1960. 
Mitteilungen 

9 



References -- 

STERNE, T. E. 

1958. Formula f o r  inferring atmospheric density from the motion 
of a r t i f i c i a l  ear th  sa t e l l i t e s .  Science, vol. 127, p. 1245. 

10 



0 
0 

0 

0: 

0 
0 . 

-0.  

0 .  
0 .  . 

*< 

.0. 

. 
-0 

0 
.O 

0 
0 

P '  
0 .* 

D 0 '  

11 



0. 
Q 

0 . 
$ 0  

. 
0 

d 

0 
0 

0 

0 

m . 
O .  

. O  
.o 
-- 
8 

0 

b 

. . 0 
Q . . 0 

0 0  

-0 

. O  

. o  
. O  

- 0  . . 0 

P 
0. 

0 0  

0 
. . 

. o  
- -  

-0 . . 0 
P 

0 

0 
0 

0 .  
I . 
0 - " 

. 
0. 

0 0  

0 
. 

> 

0 

12 



8 N E 

13 



14 



d;f ch . . .  

15 



e 
# 

4 . 

ERRATA * - 
~n bpecial ~ e p o r t  EJO. 39 of the smithsonian Astrophysical 

Observatory the rigbt-hand parenthesis appears misplaced in 

equations (7), (8 ) ,  aad (3.0) The &quatiom should read: 

fl(z) = 0.18~~exp.(0.006 z) - 23 (7) 

P #I2 = fo(z) Fm + 0.185 Exp ( 0 . 0 0 6 ~ )  - coa6 gJ (8)  

c = po(z) Fa fi + 0.19 Exp ( 0 . 0 0 5 5 ~ )  - 1.91 cos6 %') (10) 
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